We study the implementation of quantum channels with quantum computers while minimizing the experimental cost, measured in terms of the number of Controlled-not (C-not) gates required (single-qubit gates are free). We consider three different models. In the first, the Quantum Circuit Model (QCM), we consider sequences of single-qubit and C-not gates and allow qubits to be traced out at the end of the gate sequence. In the second (RandomQCM), we also allow external classical randomness. In the third (MeasuredQCM) we also allow measurements followed by operations that are classically controlled on the outcomes. We prove lower bounds on the number of C-not gates required and give near-optimal decompositions in almost all cases. Our main result is a MeasuredQCM circuit for any channel from m qubits to n qubits that uses at most one ancilla and has a low C-not count. We give explicit examples for small numbers of qubits that provide the lowest known C-not counts.
I. INTRODUCTION
Quantum channels, mathematically described by completely positive, trace-preserving maps, play an important role in quantum information theory because they are the most general evolutions quantum systems can undergo. The ability to experimentally perform an arbitrary channel enables the simulation of noisy channels. For example, this is useful to test how a new component (e.g., a receiver) will perform when subjected to noise in a more controlled environment. Moreover, experimental groups can show their command over quantum systems consisting of a small number of qubits by demonstrating the ability to perform arbitrary quantum channels on them (see for example [1] and references therein). Instead of building a different device for the implementation of each quantum channel, it is convenient to decompose arbitrary channels into a sequence of simple-to-perform operations. In this paper we work with a gate set consisting of C-not and single-qubit gates, which is universal [2] . However, note that the main ideas of our circuit constructions and lower bounds generalize to arbitrary gate sets. The implementation of a C-not gate is usually more prone to errors than the implementation of singlequbit gates. For example, the lowest achieved infidelities are by a factor of more than 10 smaller for single-qubit gates than for two qubit gates [3, 4] . This motivates using the number of C-not gates to measure the cost of a quantum circuit.
1 * Electronic address: itenr@itp.phys.ethz.ch † Electronic address: roger.colbeck@york.ac.uk ‡ Electronic address: christandl@math.ku.dk 1 Certain experimental architectures only allow nearest neighbour C-not gates. Here we assign the same cost to each C-not gate regardless of its interaction distance. However, our circuit constructions for channels are based on decompositions of isome-
In this work we consider the construction of universal circuit topologies comprising gates from this universal set. A circuit topology [5, 6] corresponds to a set of quantum channels that have a particular structure but in which some gates may be free or have free parameters. Our aim is to find circuit topologies that minimize the Cnot count but are universal in the sense that any channel from m to n qubits can be obtained by choosing the free parameters appropriately.
We work with three different models. In the first we consider the quantum circuit model (QCM), in which we allow a sequence of C-not, single-qubit gates and partial trace operations on the qubits and any ancilla. In the second (RandomQCM) we allow the use of classical randomness in addition. In the third (MeasuredQCM), we allow the operations of the QCM as well as measurements and operations that are classically controlled on the measurement outcomes.
A task that is related to the construction of a circuit topology is that of minimizing the C-not count for a given quantum channel (on a channel-by-channel basis). Although this appears quite different, we show that it is related in the sense that our lower bounds on the number of C-not gates for circuit topologies that are able to generate all quantum channels of Kraus rank K are also lower bounds for almost all (in a mathematical sense) quantum channels of Kraus rank K individually, where the Kraus rank of a channel is defined as the smallest number of Kraus operators required to represent the channel and is equal to the rank of the corresponding Choi state [7] .
It is worth emphasizing that there is a (measure zero) set of channels for which our lower bounds do not apply individually, and this set contains experimentally inter-esting channels. In other words, there are circuits of lower cost than those given in this paper if the channel has a simple or special form. Nevertheless, our constructions could still be used as a starting point to find a low-cost circuit in such cases. Further optimizations could then be performed with algorithms such as, for example, the one given in [8] .
For certain special cases, the theory of decomposing operations is quite developed. Considerable effort has been made to reduce the number of C-not gates required in the QCM for general unitary gates [9] [10] [11] [12] [13] [14] and state preparation [13, 15] , which are both examples of a wider class of operations, isometries. Recently, it was shown that every isometry from m to n qubits can be implemented by using about twice the C-not count required by a lower bound [16] . This leads to a method to implement quantum channels by using Stinespring's theorem [17] , which states that every quantum channel from m to n qubits can be implemented by an isometry from m to m+2n qubits, followed by tracing out m+n qubits. The isometry can be decomposed into single-qubit gates and 4 m+n C-nots to leading order [16] . Working in the quantum circuit model this C-not count is optimal up to a factor of about four to leading order [16] . However, one can significantly lower this C-not count and the required number of ancillas in more general models.
Quantum operations beyond isometries have been investigated in [18] . Although [18] did not focus on a decomposition into elementary gates, combining the decomposition in [18] with an idea given in [19] and with the circuits for isometries given in [16] , leads to low-cost decompositions of quantum channels into single-qubit and C-not gates in the MeasuredQCM using only one ancilla qubit. The combination of [18] and [19] was fleshed out in [20] , which appeared shortly after the first version of the present work. In [20] , several applications are also discussed.
In this work, we give a new decomposition and proof that also leads to near-optimal circuits for quantum channels. In contrast to the work mentioned above, we consider channels that map between spaces with different dimensions. Our decomposition can be used for arbitrary channels from m to n qubits (if m = 0 our channels allow the preparation of arbitrary mixed states). In spite of the different proof technique, the form of decomposition has similarities with the one based on [18] , which we discuss later.
Previously, the task of minimizing the number of required C-not gates for the implementation of quantum channels in the MeasuredQCM has been studied in the case of channels on a single qubit [21] . In the special case of a single-qubit channel, we recover a circuit topology (consisting of only one C-not gate) similar to that given in [21] . We also note that Ansätze for decompositions of arbitrary channels have been considered in [22, 23] . One of these, Ansatz 1 in [23] , is based on applying the Cosine-Sine decomposition to the Stinespring dilation isometry of the channel, and hence will always work [16] . Our results imply that the Ansatz given in [22] (which is designed for the RandomQCM) cannot work in general because it does not have enough parameters.
2
Further Ansätze are given in [23] , but it is not proven whether these work. In contrast, our constructive decompositions are proven to always work.
In the following we describe how to construct circuit topologies for quantum channels in the two aforementioned generalizations of the quantum circuit model. Our asymptotic results are summarized in Table I . First, we show that in the QCM with additional classical randomness (for free) the number of required ancillas can be reduced to m and the C-not count to 2 2m+n to leading order. Moreover, we derive a lower bound in this model, which shows that m ancillas are necessary and that our C-not count is optimal up to a factor of about two to leading order.
Second, we show that the MeasuredQCM offers further improvement. Our main result is a decomposition scheme for arbitrary m to n channels, which leads to the lowest known C-not count of m · 2 2m+1 + 2 m+n if m < n and of n · 2 2m+1 if m n (to leading order). Moreover, our construction shows that we can implement m to n m channels using only m + 1 qubits (i.e., one ancilla), and m to n > m channels using n qubits (which is clearly minimal, because the output of the channel is an n-qubit state).
Our construction also leads to low-cost implementations of m to n channels for small m and n (as does the construction resulting from the combination of [18] , [19] and [16] ). We give the explicit MeasuredQCM topologies for m to n channels for 1 m, n 2 in Appendix A. These circuits are most likely to be of practical relevance for experiments performed in the near future.
In particular, they show that every one to two channel can be implemented with 4 C-not gates, every two to one channel with 7 and every two to two channel with 13. These counts are lower than those achieved by working in the QCM or the RandomQCM. For example, the best known implementation of a two to two channel in the quantum circuit model requires about 580 C-nots.
3
Allowing classical randomness reduces this count to 54 C-nots, 4 which is over four times our C-not count of 13 when measurement and classical control are also allowed.
In future work, it would be interesting to generalize our circuit constructions for other universal gate sets. This could be achieved by finding circuits for isometries 
and then applying our construction for channels in the MeasuredQCM described in Section III A, which works independently of the chosen gate set. The ultimate goal would be to design an algorithm that takes as input a given set of gates, a noise model, an accuracy tolerance and a desired operation, and that gives as output a circuit composed of gates from the set that would approximate the desired operation to within the accuracy tolerance (if this is possible), with the number of gates in the circuit being close to minimal. Note that the constructions introduced in this paper could be used as a subroutine in a version of this algorithm, and could serve as a starting point to which further optimizations (to remove gates where possible) are applied.
II. DECOMPOSITION ALLOWING CLASSICAL RANDOMNESS
In the following, we consider the implementation of quantum channels in the RandomQCM, i.e., we allow classical randomness for free. Since the set of all quantum channels from m to n qubits is convex, every m to n channel E can be decomposed into a (finite) convex combination of extreme m to n channels E j .
5
Physically this means that, allowing classical randomness, the channel E = J j=1 p j E j can be implemented by performing the channel E j with probability p j (and forgetting about the outcome j).
A. Upper bound
By Remark 6 of [7] , 6 every extreme channel from m to n qubits has Kraus rank at most 2 m . Stinespring's theorem [17] then implies that in order to implement every extreme channel it suffices to be able to implement arbitrary isometries from m to m + n qubits. Decompositions of such isometries use 2 2m+n C-not gates to leading order [16] . In the following section, we derive a lower bound on the number of C-not gates and ancilla qubits required for m to n channels allowing classical randomness, which shows that the C-not count stated above is optimal up to a factor of two in leading order and optimal in the number of required ancillas.
B. Lower bound
Because extreme channels cannot be decomposed into a convex combination of other channels, classical randomness cannot help implement them. Hence, a lower bound for extreme channels in the QCM is also a lower bound for channels in the RandomQCM. Since the set of extreme channels of Kraus rank 2 m is nonempty [24] , at least m ancillas are required (using fewer ancillas, we could only generate channels of smaller Kraus rank).
7
To find a lower bound on the number of C-not gates required for a quantum circuit topology for m to n extreme channels, we can use a parameter counting argument, similar to the argument used to derive a lower bound for unitaries [5, 6] or for channels in the quantum circuit model [16] .
First, we count the number of (real) parameters required to describe the set of all extreme channels.
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Every quantum channel E from m to n qubits with Kraus rank K can be represented by Kraus operators
. By Theorem 5 of [7] , 6 a channel E is extreme if and only if all elements of the set {A † i A j } i,j∈{1,2,...,K} are linearly independent. Each m to n channel E of Kraus rank K = 2 m can be described by K 2 n × 2 m (complex) matrices A i , which satisfy 4 m independent (note that the matrix
. However, the Kraus representation is not unique. Two sets of Kraus operators {A i } i∈{1,2,...,K} and {B i } i∈{1,2,...,K} describe the same channel if and only if there exists a
. Since a 2 m × 2 m unitary matrix is described by 4 m parameters, we conclude that the set of all extreme channels form m to n qubits is described by 2 2m+n+1 − 2 2m+1 parameters. Note that the condition that the elements in
..,K} must be linearly independent is an open condition for K = 2 m and can therefore be ignored for the parameter counting.
A quantum circuit topology for extreme m to n channels must therefore introduce at least 2 2m+n+1 − 2 2m+1 parameters. Since C-not gates cannot introduce parameters into a circuit topology, all the parameters have to be introduced by the single-qubit gates. We work with the following single-qubit rotation gates
For every unitary operation U ∈ U (2) acting on a single qubit, there exist real numbers α, β, γ and δ such that
A proof of this decomposition can be found in [25] . Note that (by symmetry) equation (4) holds for any two orthogonal rotation axes. The statement above can be represented as a circuit equivalence as follows.
The wire represents a qubit and the time flows from left to right. We ignore the global phase shift, because it is physically undetectable. Let us consider l qubits, l − m of which start in a fixed (not necessarily product) state. We can act with a single-qubit gate on each qubit at the beginning of the quantum circuit topology (introducing 3l parameters). To introduce further (independent) parameters, we have to introduce C-not gates. Naively, one would expect that every C-not gate can introduce six new parameters by introducing a single-qubit gate after the controland one after the action-part of it. But by the following commutation relation:
each C-not gate can introduce at most four parameters. Since we trace out l − n qubits at the end of the circuit, the single-qubit gates on these qubits can not introduce any parameters into the circuit topology [which removes 3(l − n) parameters]. We conclude that by using r C-not gates we can introduce at most 4r + 3n parameters into the circuit topology. By the parameter count above, we require 4r + 3n 2 2m+n+1 − 2 2m+1 or equivalently r 2 2m−1 (2 n − 1) −
Remark 1 (Lower bound for nonexact circuits)
The derived lower bound can be strengthened and made more general (see [26] ): the set of all quantum circuit topologies that have fewer than ⌈2 2m−1 (2 n − 1) − 3 4 n⌉ C-not gates, together, 9 are not able to approximate every m to n extreme channel arbitrarily well. In fact, they can only generate a closed set of measure zero 10 in the smooth manifold of m to n extreme channels of Kraus rank 2 m . Therefore, the lower bound holds for almost every m to n extreme channel of Kraus rank 2 m individually.
III. DECOMPOSITION ALLOWING MEASUREMENT AND CLASSICAL CONTROL
We now move to the consideration of quantum circuit topologies in the MeasuredQCM where we allow measurements (of single qubits in the computational basis) and classical control on the measurement results (and an arbitrary number of ancillas). This generalizes the model used above, since classical randomness can be generated by preparing ancilla qubits in a certain state (by acting with single-qubit unitaries on them), performing measurements and then controlling the parameters of a circuit topology on the measurement results. In the following section we describe how to construct circuit topologies for arbitrary m to n channels of Kraus rank K. Applying this to extreme channels (which have Kraus rank at most 2 m ) leads to the C-not counts given in Table I . A similar result could be found by using the decomposition described in [18] using binary search [19] .
A. Upper bound
Let E be a channel from m to n qubits with Kraus rank K = 2 k and Kraus operators {A i } i∈{1,2,...,K} ,
we can consider the matrix V as an isometry from m to n + k qubits (which corresponds to a Stinespring dilation of the channel E). If n + k = m or k = 0, we can perform E by implementing V and tracing out k qubits afterwards. In 9 By combinatorial arguments, there are only finitely many different quantum circuit topologies consisting of a fixed number of C-not gates (w.l.o.g. we can consider circuit topologies in which we perform single-qubit gates on all qubits at the start of the circuit and two after each C-not gate). 10 Nevertheless, many interesting operations lie in this set. This is similar to the case of isometries, where, for example, the operation required to implement Shor's algorithm [27] lies in (the analog of) this set [16] .
11 For example, we have [
all
By the QR-Decomposition (for rectangular matrices), we can find unitary matri-
† V is an isometry. We can represent this decomposition as an equivalence of circuit topologies on n + k qubits, where the first n + k − m start in the state |0 via
where the backslash stands for a data bus of several (in this case m) qubits and V ′ = {Q 0 , Q 1 } is a placeholder for two isometries in Mat C 2 n+k−1 × 2 m . The unfilled square denotes a uniform control. 13 In the case above, we implement Q 0 if the most significant qubit is in the state |0 and Q 1 if it is in the state |1 . Note that the gate R only acts nontrivially on the most significant and the m least significant qubits. In particular, the second to (n + k − m)th qubits are still in the state |0 after applying R (the lack of action of a gate on a particular qubit is indicated by use of a dotted line for that qubit). We can apply the same procedure to the isometries Q 0 and Q 1 . We repeat thisk times, until we end up with a quantum circuit topology of the form
whereṼ ∈ Mat C 2 m+l × 2 m is an isometry and where each gate R i acts nontrivially only on the ith and the m 12 Note that for all channels from m to n qubits of Kraus rank K = 2 k we have that n + k m (cf. Lemma 6 of [24] ). 13 The notation of "uniform control" was introduced in [12] .
Some authors also call these gates "multiplexed" (for example, see [14] ). least significant qubits. If m < n, we set l = n − m and k = k and if m n, we set l = 1 andk = n+k−m−1. Recall that we can implement the channel E by applying the isometry V and tracing out the first k qubits afterwards (which we can think about as performing measurements on them and forgetting the result). Since measurements commute with controls, we conclude that the following MeasuredQCM topology is able to perform all channels from m to n qubits of Kraus rank at most K
where we also measure the first k −k of the l + m least significant qubits. Note that the circuit above can be implemented with only one ancilla qubit by resetting it to the state |0 after the measurements and saving the measurement outputs in classical registers
where the second symbol means that a not is performed on the first classical register if the output of the first measurement is one.
The construction above can be implemented on a system consisting of l + m qubits. The number of C-not gates N (m, n, k) required for the MeasuredQCM topology above iskN Iso (m, m + 1) + N Iso (m, m + l). Working out the different cases, we conclude that the number of C-not gates required for a quantum channel from m to n qubits of Kraus rank 2 k is N (m, n, k) = N Iso (m, n) if k = 0, N (m, n, k) = N Iso (m, m) if n + k = m, and otherwise
where N Iso (m, n) denotes the number of C-not gates required for an m to n isometry. If n is large, we have N Iso (m, n) ≃ 2 m+n (for a more precise count, see [16] ). Note that the gates R i are isometries of a special form, which could in principle be implemented by using fewer C-nots than an arbitrary isometry. For simplicity, we have not accounted for this in our C-not counts. The structure of the gates R i could be significant when comparing our decomposition to that of [18] , which has a similar form to (5) but where the isometries R i are general (rather than upper triangular).
14 Note that the main idea behind our construction and the requirement of at most one ancilla is general: any decomposition scheme for isometries (including with other universal gate sets; see, e.g., [28] ) can be applied to R 1 , R 2 , . . . , Rk andṼ arising in the decomposition.
B. Lower bound
We expect that allowing measurement and classical controls cannot help when implementing isometries. Since isometries are special cases of channels, we expect further that a MeasuredQCM topology for m to n channels requires Ω (2 m+n ) C-not gates if m < n and Ω (4 n ) C-not gates if m > n [16] . Since the proof of this fact is quite technical and uses similar arguments as used to derive the lower bound for extreme channels above, we defer it to Appendix B. The result is summarized in Table I. Note that the lower bound for the case where m > n is quite weak and it would be interesting to improve it in future work. extreme m to n channels for small m and n. In the following, we demonstrate how to find circuits for m to n channels in the cases where 1 m, n 2. 1 to 1 channels-An extreme channel from one to one qubit (which is of Kraus rank at most two) can be implemented by performing a one to two isometry followed by tracing out the first qubit. We can use the circuit topology for one to two isometries from Appendix B1 of [16] :
Noting that a unitary before a partial trace can be removed, and that controls commute with measurements, we obtain the following circuit for a one to one channel:
Therefore, any single-qubit channel can be implemented with one C-not gate. A similar circuit topology was first derived in [21] .
1 to 2 channels-We do the decomposition exactly as described in the general case in Section III A. This leads to a circuit topology of the form
where V is a 1 to 3 isometry corresponding to a Stinespring dilation of the implemented channel and R and V ′ denote 1 to 2 isometries. We use the circuit topology for one to two isometries given in Appendix B1 of [16] (consisting of two C-not gates). Therefore, an extreme channel from one to two qubits (of Kraus rank at most two) requires 2 · N Iso (1, 2) = 4 C-not gates.
2 to 1 channels-A channel from two qubits to one qubit of Kraus rank at most four can be implemented by an isometry from two to three qubits and tracing out the first two qubits afterwards. We do the first few steps of the decomposition of an two to three isometry as in Appendix B2b of [16] . This leads to the circuit topology
where A 0 andB are two qubit unitaries. We can use a technical trick introduced in Appendix B of [14] to save one C-not gate: by Theorem 14 of [14] , we can decompose the gate A 0 into a part (which we denote byÂ 0 )
consisting of two C-not gates (and single-qubit gates) and a diagonal gate Λ.
Note that we reversed the gate order of the circuit given in Theorem 14 of [14] , such that the diagonal gate is performed after the gateÂ 0 . We commute the diagonal gate Λ to the right and merge it with the gateB (and call the merged gateB). Therefore, and since controls commute with measurements, the circuit topology given above is equivalent to the following.
We decompose the uniformly controlled R y gates as described in Theorem 8 of [14] . Noting that 2 C-not gates cancel out each other, we get the following circuit topology.
We can further save one C-not gate in the decomposition of the gateB. By [5, 6] , we have the following equivalence of circuit topologies.
Since controls commute with measurements, we get the following equivalence.
Substituting this circuit into the second-to-last one, we find a circuit topology for channels from two qubits to one qubit of Kraus rank at most four (and hence, in particular, for extreme two to one channels) consisting of 7 C-not gates.
2 to 2 channels-This case works similarly to the case of two to one channels of Kraus rank at most four. We use the CSD-approach (cf. [16] ) to decompose the isometries arising from the decomposition scheme described in Section III A, and apply the technical tricks introduced in the Appendix of [14] . Indeed, decomposing the first two to three isometry arising in the decomposition described in Section III A as described above in the case of two to one channels, we find the following circuit for (extreme) two to two channels of Kraus rank at most four
whereṼ denotes the second two to three isometry arising in the decomposition described in Section III A. We can merge the gateB intoṼ , which leads to
whereV is a two to three isometry. Therefore, we can again apply the decomposition scheme described above for two to one channels toV . Since we do not measure the third qubit at the end of the circuit, we use 8 C-not gates to decompose the gateV . We conclude that we can decompose any channel from two to two qubits of Kraus rank at most four (and hence, in particular, any extreme two to two channel) with at most 13 C-not gates.
Appendix B: Lower bound for isometries in the MeasuredQCM
We give a lower bound on the number of C-not gates required for a MeasuredQCM topology that is able to generate all isometries from m to n qubits using the basic gate library comprising arbitrary single-qubit unitaries and C-not. A lower bound for m to n isometries in the quantum circuit model was already given in [16] . However, here we work in a more general model than that of [16] , since we allow measurements and classical controls (and an arbitrary number of ancillas, each of which start in the state |0 ).
Let us consider an arbitrary MeasuredQCM topology for m to n isometries consisting of p n qubits. The most general sequence of operations that can be performed by such a circuit topology, is as follows. We perform a certain gate sequence on the p qubits, before the first qubit is measured. Then we perform a second gate sequence on p − 1 qubits, which may be controlled on the measurement result of the first qubit. Then we measure the second qubit. In the case where we want to measure the first and second qubit together, the second gate sequence can be chosen to be trivial. We go on like this until we have measured p − n qubits. We then forget about the measurement results at the end of the MeasuredQCM topology. Note that the reuse of a qubit after a measurement can be incorporated into the above procedure by adding an additional ancilla qubit and copying the measurement outcome there. We conclude that any MeasuredQCM topology for m to n isometries consisting of p n qubits can be represented in the following form
where k := p − n and we can think of Q i as the set of (p + 1 − i)-qubit unitaries that can be generated by the corresponding quantum circuit topology. In other words, there is a first quantum circuit topology (perhaps with free parameters), followed by a measurement, then a classically controlled quantum circuit topology conditioned on the outcome, followed by a second measurement and so on.
Theorem 1 (Lower bound in the MeasuredQCM)
A MeasuredQCM topology that is able to generate all isometries from m to n m qubits using ancillas initialized in the state |0 has to consist of at least ⌈
Remark 2 The lower bound given in Theorem 1 is by a constant factor of 2 3 (to leading order) lower than the one for isometries in the quantum circuit model of ⌈ 1 4 2 n+m+1 − 2 2m − 2n − m − 1 ⌉ C-not gates [16] . Intuitively, the use of ancillas, measurements and classical controls should not be helpful for implementing isometries. Therefore, we expect that the lower bound given in Theorem 1 can be improved.
Since isometries from m to n qubits are special cases of m to n m channels, we get the following Corollary.
Corollary 2 A MeasuredQCM topology that is able to generate all channels from m to n m qubits has to consist of at least ⌈
Moreover, we find the following lower bound for m to n < m channels.
Corollary 3 A MeasuredQCM topology that is able to generate all channels from m to n < m qubits has to consist of at least ⌈ 1 6 (4 n − 3n − 1)⌉ C-not gates.
Proof.
Assume to the contrary that there exists a MeasuredQCM topology consisting of fewer than ⌈ 1 6 (4 n − 3n − 1)⌉ C-not gates that is able to generate all channels from m to n < m qubits. Such a topology must, in particular, be able to implement all n-qubit unitaries from the first n input qubits to the n output qubits (independently of the state of the other m−n input qubits).
We can turn this topology into a MeasuredQCM topology for unitaries on n qubits by fixing the state of the last m−n input qubits to |0 . But such a topology cannot exist by Theorem 1.
Before giving the proof of Theorem 1, we sketch the idea. We start with a circuit topology of the form (B1) consisting of p n qubits, p − m of which are initially in the state |0 , and assume that it is able to generate all isometries from m to n qubits. In principle, one would expect that a circuit topology controlled on one (randomized) classical bit can introduce twice as many parameters as the circuit topology itself, and hence that controlling on measurement results can help to reduce the C-not count (as we saw in Section III A). However, in the special case where we want to implement isometries, the classical control cannot increase the number of introduced parameters. The reason for this is related to the fact that the distribution of the measurement outputs are independent of the input state of the isometry. The precise statement is given in the following Lemma.
Lemma 4 (Independence of measurement results)
Assume that the whole circuit in (B1) performs an isometry from m to n qubits for a certain choice of the free parameters of the MeasuredQCM topology. Then the distribution of the measurement outcomes is independent of the input state of the isometry.
Proof. It suffices to show this for all non-orthogonal states.
15 Take two non-orthogonal input states |ψ 0 and |ψ 1 and assume to the contrary that there exists a measurement M in (B1), whose output distribution is different depending on which of these states is input. Let P be the distribution over the outcomes for M if we choose the input state |ψ 0 , and Q be the analogous probability distribution if we choose the input state |ψ 1 . Since we are implementing an isometry, the output states |ψ ′ 0 := V |ψ 0 and |ψ ′ 1 := V |ψ 1 can be turned back into |ψ 0 and |ψ 1 . If we repeat this procedure t times, then, the distribution of outcomes for M is either the i.i.d. distribution P ×t or the i.i.d. distribution Q ×t . Since Q = P by assumption, these two distributions can be distinguished arbitrarily well for large enough t. This contradicts the fact that in any measurement procedure the maximum probability of correctly guessing which of these states is given as an input is
To handle the independence of the measurement distributions on the input state, it is useful to introduce the concept of postselection (see also [29] ). We introduce the Postselected Quantum Circuit Model (PostQCM for short) as a modification of the QCM to include also single-qubit projectors onto the states |0 and |1 at the end of the circuit. 16 Note that the single-qubit projectors correspond to linear maps that are not unitary. We say that a PostQCM topology with associated total linear map C implements the isometry V , if C = cV , where c = 0 is some complex number.
We say that a PostQCM topology corresponds to a MeasuredQCM topology of the form (B1), if it can be obtained from (B1) using the following procedure. First, every measurement is replaced by a single-qubit projector (onto either |0 or |1 ). Then all classical controls are removed. Finally we move the single-qubit projectors to the end of the circuit. Note that the number of single-qubit gates and C-nots of a circuit topology of the form (B1) is the same as that of the PostQCM topology formed by making these replacements.
Lemma 5
The set of isometries that can be generated by a MeasuredQCM topology of the form (B1) is a subset of the set of isometries that can be generated by all the corresponding PostQCM topologies together.
Proof. Assume that an isometry V can be generated by a MeasuredQCM topology of the form (B1) for a certain choice of its free parameters. Hence, by Lemma 4, the distribution of the measurement outputs is independent of the input state of the isometry. Therefore, the circuit must perform the isometry regardless of the measurement outputs and hence we can choose and fix an arbitrary output which occurs with nonzero probability. In other words, we can replace each measurement in (B1) with a single-qubit projector onto |0 if the probability of measuring 0 is nonzero, and with a single-qubit projector onto |1 otherwise. Note that this circuit can still perform the isometry V . Removing the classical controls, which does not change the action performed by the whole circuit, we obtain a corresponding PostQCM topology that is able to generate V . Lemma 6 A PostQCM topology that has fewer than 2 n+m+1 − 2 2m − 1 free parameters can only generate a set of measure zero of the set of all m to n isometries (where we identify isometries that only differ by a global phase).
Proof. The argument works similarly to the arguments used in [5, 6, 26] . Let us denote by C the linear map corresponding to the PostQCM topology. We can think of this map as sending a certain choice of d real parameters (θ 1 , . . . , θ d ) of the PostQCM topology to the corresponding 2 n × 2 m matrix C(θ 1 , . . . , θ d ), which describes the whole action of the circuit. We restrict the domain of the free parameters to the set D ⊂ R d , such that for all (θ 1 , . . . , θ d ) ∈ D there exists an isometry V and a complex number c = 0, such that C(θ 1 , . . . , θ d ) = cV . We denote the set of one dimensional unitaries by U (1) and define the orbit space V m,n /U (1), which corresponds to the set of all m to n isometries, after quotienting out the (physically undetectable) global phase. We denote the corresponding (smooth) quotient map by π : V m,n → V m,n /U (1) (see [26] for more details). Then, we define the smooth map
Sard's theorem, T (D) is of measure zero in V m,n /U (1) if d < dim(V m,n /U (1)) = 2 m+n+1 − 2 2m − 1.
Lemma 7 A PostQCM topology that consists of fewer than ⌈ 1 6 2 n+m+1 − 2 2m − max(2, 3m) − 1 ⌉ C-not gates (and an arbitrary number of ancilla qubits initialized in the state |0 ) can only generate a set of measure zero of the set of all m to n isometries.
Proof. We may assume n > 1 (for n = 1 the statement of the Lemma is trivial). By Lemma 6, we have left to show that a PostQCM topology consisting of fewer than ⌈ 1 6 2 n+m+1 − 2 2m − max(2, 3m) − 1 ⌉ Cnots cannot introduce 2 m+n+1 − 2 2m − 1 or more (independent) real parameters. Since single-qubit projections do not introduce parameters into the circuit, all parameters must be introduced by single-qubit gates. To relate the number of single-qubit rotations to the number of C-not gates, we use similar arguments to those used in Section II B to derive the lower bound for channels allowing classical randomness. We again use the commutation properties of C-not gates and single-qubit rotations, which show that a C-not can introduce at most four parameters. However, in contrast to Section II B, we commute all single-qubit rotations to the left (instead of to the right) and use the fact that the first single-qubit rotation on an ancilla can introduce at most two parameters (because an ancilla qubit always starts in the state |0 and two parameters are enough to describe an arbitrary single-qubit pure state). Note that, in general, the single-qubit rotations performed directly before a single-qubit projection have a nontrivial effect on the operation performed by the whole circuit. Thus, a PostQCM topology with q C-not gates and consisting of p n qubits can introduce at most 4q + 2(p − m) + 3m parameters. Note that we may assume q min(p − m, p − 1), since otherwise, there exists a collection of ancilla qubits and output qubits (which are not input qubits) that are not quantum-connected to the m input qubits.
17 Any unconnected output qubits that are not input qubits start in the state |0 and al-ways remain product with the other output qubits. 18 For n > 1, the set of isometries for which the output state always has a product form has fewer parameters than the set of arbitrary isometries, and is hence of measure zero. In the case that all the unconnected qubits are ancilla qubits, they have a trivial effect on the performed circuit and can be removed without affecting the action of the circuit. Therefore, a PostQCM topology with q C-not gates can introduce at most 6q + max(2, 3m) parameters and hence, a circuit topology consisting of fewer than ⌈ 1 6 2 n+m+1 − 2 2m − max(2, 3m) − 1 ⌉ Cnots cannot introduce 2 m+n+1 − 2 2m − 1 (or more) parameters.
Proof of Theorem 1.
Consider a MeasuredQCM topology of the form (B1) consisting of fewer than ⌈ 1 6 2 n+m+1 − 2 2m − max(2, 3m) − 1 ⌉ Cnot gates. Since each of the corresponding PostQCM topologies consists of the same number of C-not gates, each can only generate a set of measure zero in the set of all m to n isometries by Lemma 7. Since the MeasuredQCM topology (B1) has at most 2 k corresponding PostQCM topologies, the set of isometries that can be generated by all corresponding PostQCM topologies together is still of measure zero. The theorem then follows from Lemma 5 and the fact that a subset of a set of measure zero is again of measure zero.
